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Very recently, by separately using Eilenberger equation
and diagram formalism, Silaev1 studied the Higgs-mode
excitation (i.e., amplitude fluctuation δ|∆| of the order
parameter ∆) in the presence of the scattering. This is
the paper that for the very first time the scattering in-
fluence on the optical properties is calculated within the
Eilenberger equation,2 even though it is too complex to
obtain the final analytic solution. Unfortunately, in that
paper, the main conclusions that the Higgs-mode gener-
ation is zero without impurity and the Higgs mode is not
sensitive to disorder, are not correct. In the following,
we address the reasons in detail.
Firstly, in the paper by Silaev, the claimed conclusion
that the Higgs-mode generation is zero without impurity
is based on the incomplete electromagnetic effect in his
approach. Specifically, both the Hamiltonian used in his
diagram formalism and the Eilenberger equation are not
gauge invariant with vector potentialA alone.3,4 It is well
known that the gauge invariance is the basic character of
the electromagnetic field. The absence of the gauge in-
variance indicates incomplete electromagnetic effect. For
example, the Bloch equation5 in the literature, with vec-
tor potential A alone, is not gauge invariant. Only the
pump effect A2τ3 appears in this approach, whereas the
linear effects from both vector potential A and electric
field E (refer to the drive effects in Refs. 6-8) do not
manifest themselves. Here, τi denote the Pauli matrices
in the Nambu space. For the non-gauge-invariant Eilen-
berger equation used in Ref. 1, the linear effect from
A appears, but the pump effect A2τ3 and drive effect
from E are dropped out. Actually, within the quasiclas-
sical approximation, the gauge invariance is lost during
the derivation of the original Eilenberger equation2 from
the gauge-invariant Gorkov equation9 by τ3-Green func-
tion. Kita10,11 fixed this problem by introducing the Wil-
son line12 and constructed a gauge-invariant Eilenberger
equation, in which the complete electromagnetic effects
are kept. Nevertheless, Silaev in Ref. 1 used the orig-
inal Eilenberger equation rather than the fixed gauge-
invariant one, and hence, missed the complete electro-
magnetic effects such as the excitation of the Higgs mode
without impurity scattering.
Recently, a finite second-order optical response of the
Higgs mode without any scattering, has been analytically
demonstrated from the gauge-invariant kinetic theory,7
in contrast to the conclusion in Ref. 1.
Secondly, in Ref. 1, the conclusion that the Higgs mode
is not sensitive to disorder, is incorrect. This can be easily
seen by the following simple analysis through the general
physics. In Nambu space,3,4 the Bogoliubov-de Gennes
Hamiltonian in the presence of the Higgs-mode excitation
δ|∆| is written as HBdG = ξpˆτ3 +∆0(r)τ1 + δ|∆(r)|τ1 in
the real space, and the electron-impurity interaction is
given by V (r)τ3. Then, due to the non-commutation
relation
[δ|∆(r)|τ1, V (r)τ3] 6= 0, (1)
the Higgs mode must be sensitive to the disorder.
In Ref. 1, Silaev1 claimed that the impurity scattering
of the isotropic part vanishes and then concluded that
the Higgs mode is insensitive to disorder. Nevertheless,
in both his diagram formalism and Eilenberger equation,
the quasiclassical approximation with an integration over
the energy variable g =
∫
dξkG(iωn,k) was applied.
1
However, the approach with this approximation is inade-
quate to handle the scattering influence on the isotropic
anomalous Green function which determines the order
parameter. Specifically, by τ3-Green function, the Eilen-
berger equation2 is derived from the Gorkov equation,9
in which the effective Hamiltonian Hk = H
0
k + Σk con-
sists of the free one H0k = (ξkτ3 +∆τ1)τ3 and self-energy
Σk due to the interaction. The impurity self-energy
9
Σk = ni
∫
dq|Vkq|
2G(iωn,q) (2)
leads to the renormalization of the order parameter ∆˜ =
∆ + δ|∆|sc. The Green function G = G
0 + δG here in-
cludes the equilibrium G0 and nonequilibrium δG parts.
Then, it is immediately seen that from the isotropic part
of the nonequilibrium Green function δG, the impurity
correction to the order parameter
δ|∆|sc = −Γ0
∫
dξqδF (iωn, ξq) (3)
is finite. Here, δF denotes the isotropic nonequi-
librium anomalous Green function, which contributes
to the Higgs-mode excitation through the BCS gap
equation.9 Therefore, the scattering influence on the
2isotropic anomalous Green function exists in the Gorkov
equation.
Nevertheless, in the derivation of the Eilenberger equa-
tion from Gorkov equation,2,13 the impurity collision in-
tegral comes from the commutation between impurity
self-energy [Eq. (2)] and Green function G, i.e., [Σk, Gk],
which is finite even when Gk is isotropic in the momen-
tum space. However, after the quasiclassical approxi-
mation (which is the key approximation of the Eilen-
berger equation) with an integration over the energy vari-
able g =
∫
dξkG(iωn,k), the impurity collision integral
in the Eilenberger equation τ−1imp[〈g〉, g] is derived,
1,2,13
with 〈 〉 being the angle average. Unfortunately, with
this approximation, the impurity collision integral of the
isotropic part of the Green function gs = 〈g〉 vanishes
(i.e., [〈g〉, gs] = 0). Therefore, it is clearly seen that the
original finite scattering influence on the isotropic part
in the Gorkov equation is dropped out after the quasi-
classical approximation, making the Eilenberger equation
inadequate to handle this scattering effect. The diagram
formalism, which is equivalent to the calculation of the
Gorkov equation,9 should have found this problem. Nev-
ertheless, in Ref. 1, Silaev1 followed the same way as the
derivation of the Eilenberger equation to handle the dia-
gram formalism. He first took the commutation between
the self-energy and Green function and applied the quasi-
classical approximation afterwards, as seen in Sec. IV A
in his paper. Then, he of course recovered the results
from Eilenberger equation, and missed the scattering in-
fluence on the isotropic part.
Finally, we point out that in Eilenberger equation,
even though the scattering influence on the isotropic
part is dropped out, the one on the anisotropic part
which usually contributes to the current, is still well kept
for investigations on the transport phenomena.13–15 It is
also stressed that both scattering effects are well kept
and become easy to calculate in above mentioned gauge-
invariant kinetic theory.6,7 From this theory, a finite scat-
tering influence on Higgs-mode excitation, originating
from the non-commutation relation in Eq. (1) [refer to
Eq. (53) in Ref. 8], is recently demonstrated.8
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